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TEOPHH AJIFOPHTMOB 


(II pedcmasaeno axademuxom M. A. Jlaspenmsesoim 27 II 1956) 


B jaHHoH 3aMeTKe JlaeTCAH pelwieHHe mpoOsleMbI CBOJHMOCTH peKypCHBHO 
NepeuHCIMMBIX MHO«KeCTB (p. 1. M.), MocTaBeHHOH B 1944 r. Tloctom (*). 

1°. Onpegeneuue 1. Ha6opom MbI Ha3bIBaeM KOHeYHYIO JH OecKO- 
HeYHYIO MOCNeQOBaTeJIbHOCTh uNcen *. , 

Onpegesenune 2. WipequkaTom Mb Ha3biBaeM Hadop, cocTosmHl 
TOJIbKO H3 CQHHHI HW Hywel. 

Onpegeneuue 3. Uncana, Bxoqamue B Hadop h, Ha3biBaloTCA KOMTI0- 
HeHTAaMH A. 

Ha6op uHTepnpetupyetca Kak dbyHKuHA**, 3aqaHHad Ha BCeX YMCax To 
N <oo. IO. Mezpeyes B (7) paccmoTpes @yHKUHOHabHOe MpeyctraBsenne (dP. 11.) 
OlepaTOpoB, PpaCCMaTPHBaeMBIX Ha BCIONY ONpefeIeHHbIX CYHKUMAX (T. e. 
OeckoHeyHEIX HaGopax). JJma BCcAKoro onepatopa JT cywlecTByeT dyHKUHA 
8(w), onpeyensioujad mpeoOpasopanve A HaOopos B HaOopbl, coBmagatoulee c 
T Ha GeckoHedHbIx Ha6opax, MpeoOpa3syembIx onepaTopom 7 B HaGOoppr (Meq- 
Beles). Bepetca reflesespckad HyMepallMaA yMopAOueHHEIX Tap KOHe4UHBIX 
Ha6opos. PyHKuHA 6(w) ompexesAeT NpecOpasoBaHHe HaOopa y B Hadop A 
(A (4) =) Takum o6pa3om: [d(w), d’(w)] napa HaGopoB c rejejeBCKHM 
HoMepoM 6(w); cKaxkeM, uTO HaGop d sBAaeTCH uacTbIO Hadopa f, ec 
JIA BCAKOH KOMMOHeEHTHI d COOTBETCTBYIOWad KOMMOHeHTa f oNpeseseHa u 
paBHa eH; Ba HaG6opa COBMECTHHI, eC OHH H3 9THX ABIAeTCA aCTbIO 
Apyroro; ecm d(w)—uacTb Ha6opa 7, To d’(w)—4acTb A, H BCAKAaA YaCTb 
\ ABJIA€TCA YaCTbIO B HEKOTOPOM HaGope d’(w) Takom, uTO d(w)—uacTb 7. 
ByfleM roBoputb, ¥TO *PyHKUNA 5(w) peamu3yeT c).n. onepatopa T. 

IO. Meypeyes qoKa3as, YTO A BCAKOTO YaCTHYHO peKypCHBHOTO onmepa- 
Topa (4.p.0.) T cymlecTByeT MPpHMHTHBHO pekypcHBHaA dyHKuHA (M1. p.d.) 
8(w), peasu3yloulaa ero (.n. (?). 

AHaJIOrHUHbIe yTBepxKACHHA CMpaBeA MBE! JIA MpeHKATOB H OMepaTOpoR, 
ONpeyesIeHHBIX Ha ipequKaTax H MpecOpa3yioulux ux B MpeyuKatsr (//-one- 
patopni, /7-o). : 

2°. BpeyeM COOTHOLeHHe > IIx HaGopos: f >A, ec 3TO COOTHOLIeHHe 
BBINOJIHEHO JIA TEX COOTBETCTBYIONLHX KOMMOHEHT f H A, KoTOpble onpeyesieHb! 
u Bf, 4 B A.A ogHauaeT MpequkaT, NOJlyyeHHbIi 43 KOHOUHOTO MpequKata A 
NpOWOJPKeHHeEM HyJIAMH; A copnayaeT c A ya GecKOHeYHEIX MpequKaTosB A. 


TIpequxat § u3 h—[A]e ecTb yacTb bh, cocTaBeHHaA M3 § KOMIIOHeHT A. 
Onpenzenenue 4. u3pwuKkuHel mnpequKxatos fy, fo,.--,fs,--- 


wo . 
fiVfo\V/..-\Vfs\V...—\/ fs HasbiBaeTca NpequKaT fj, i-d KOMNOHEHTa KOTOpO- 
s=1 ; 


ro—0Q, ecu BO Bcex mpequKatax f, i-A KoMNOHeHTa—-O; —1, ecm B He- 


Phe Tloq uicnom B 3ameTKe MOA_pasyMeBaeTCA HarypabHoe yncno uu 0. 
PaccmaTpHBaemble B 3aMeTKe (YHKIWHH MPHHUMAIOT 3HaYeHHA GHCeN. 
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KOTOpOM fs i-a KOMMNOHeHTa—I; B NIPOTHBHOM cjlyyae i-a KOMMOHeHTa f 
Heonpejesena. 

OnpegeneHue & Orpuuanne (oTp.) 0—1, orp. 1—0, orp. mpequxata 
— TpeQuKaT |, BC€ KOMMOHEHTHI KOTOPOrO CYTb OTP. COOTBETCTBYIOUHX 
KOMIIOHEHT 1. 

Onpefenenue 6. CuenmenuemM Mpequkata u no « (yucmO) c mpequ- 
KaToM f (U, f),= HasbIBAaeTCA NpequKaT AHH bI i, T. e cofepxxamnit 
CTOJIbKO 2K€ KOMMOHEHT, COBMeCTHBIM c [UW], H TaKOH, 4TO KOMMOHeHTHI g C 
HOMepaMH >> (eC OHM OMpefeveHbl) ABJIAIOTCA OTP. COOTBETCTBYIOINHX 
KOMIOHEHT f. 

3°. Jlerko QOKa3aTb CyIeCTBOBaHHe YHUBEPCaATbHOrO Q.N. Aaa 4. p. 
I]-0, T. e. HW. p. g. (x, w) TakoH, uTo *. n. Bcskoro 4. p. TT-o T peasn- 
3yeTca (byHKUHeH 9, (w) = 9 (x, w). II-o T o603HauHM Ty. 

Tlepecuutaem mapbi uncen (x, w) n.p.@. x(t) w w(t). 

(f(t), f (£)] — ynopsyouennasn Mapa MpeAuKaTOB Cc rejeseBCKHM HOMepOM 
ex (), w (t)]; m(t) — anna f(t); m’ (t) — qamua f’ (t). 

. Teopema 1. Cywecmeytom p.n. nepexypcuencie mnoscecmea H, u 
Hy er umo Onan ecex X Tx (hy) hy u Tx (he) My, 20e hy u hy — xapax- 
mepucmuueckue qdynxkyuu (x.@.) Hy u He, coomeemcmeenno, m. e. H,u Hy 
He ceodamca Opye kK Opyey 4. p. onepamopamu. 

ieee P.M. MOCJEQOBaTeIbHOCTh UHCE fy <Oy<Cfg<c...<Cforn< 
<ler+ H KOHeYHBIX MpequKatoB f,(0), A,(1),. hy (2k), ara 
hy(9), hg(1),... TIpumem 3a ry—0; fy (0) —f (0); he (0) — 1 #"(0). 

“Tlyctb TloctpoeHsi WuCa fy <C ry <C... <Cren H UpequKater fh, (0), 2, (1),. 

, hy (2k); hy (0), hy (1), +» +» fa (28). 

Forms Sm = pt *, YROBseTBOpstottee CJIEQYIOULMM YCJIOBHAM: 

“1,2. f(t) > Ay (28). 

13. f(t) copmecten c [Ag(2)]acz, rae a(t) = max {a, (¢), a, (t)}, 
ay (t) = me ae (r:)}} +10, a(t) = ioe {m’ (r)} +10, ar; = max {ri}. 

nist 


ry) < x10) 
1,4. es hy (2k) \/ (hy (2k), f’ ihe HecoBMecTeH c f’ (Z). 
1,5. JIn60 x(t) x(rei+;) (i<Ck) mH60, oSo3HataA max = {feiga} = 
H Foi 4 =*(2) 
Toi tact 
=Tfemti, f (fem) HecoBMecteH c A,(2k), «HOO f’ (fem41) COBMeCTeH 
c h, (2k). 3a A, (2k +1) npumem h, (2k)\/f (ferti), 34 A, (2k +1) — npequKaT 
hy (2k) \/ (hy (2A), fF (1 akt1))e(ront4)* 

Torte = pl, YOBJeETBOpAIOWee yCJIOBHAM rs TOY YaIOulLHMCA 3 
I,1— 1,5, ecw 3aMeHHTb B HUX fog HA ae 1(2k) Ha hy(2k-+ 1), hy (2k) 
Ha hy (2k + 1), reita HA feite, Tem. HA fom 

Tonowcunt hy (2b +2) = hy (2k +1) \V Frania), Me (28 + 2) = ha (2k +1) V 
V (Ag (2k +1), fF (Terte))a(rante) « 

TlocTpoeHHble MOCeQOBaTeIbHOCTH ABJIAIOTCA BbIYHCJIMMbIMH, HOO yCJIOBHA 
I,1—5 u II, 1—5 sddextupHo npopepstotca. MoxHo foKasaTb, 4TO 3TH 
HOCJeAOBaTeJIbHOCTH p. 1. 


Tlostomy Ha6oppi Ay = Via ( (1) u Ay = aN) hy; (1) —x.d. p.n.mM. Hy 4 As, 
1=0 


COOTBETCTBEHHO. 
Jloka3aTesibcTBo TeopeMbI | BbITeKaeT 43 JIeMM 1—7. 
Jlemma 1. /[”a ecaxoezo uucaa xX, cytecmeyem ne Oonee KOHe4HOZO MHO- 
scecmea KopHett ypaeHeHun x (fi) = Xp. 
Tloka3aTesIbcTBO MpOBOAHTCA HHAYKUHeEH M10 Xp. 


* ut o3HayaeT HaHMeHbllee f¢. 


JlemMMa 2. X,—HeKomopoe 4ucAo (npouseorvnoe). Ecau s — Haumenbiuee 
4uCcnO makoe, 4mo X(T1) > x) npu l>>s, mo cytyecmeyem ne Ooaree oOxOzO 
uemHozo u He Oonee OOHO20 He4emHozo L>>s makux, umo x(r1) = Xp. 

Jlemma 3. ITycmo s onpedeneno u3 ycaoeuti aemmot 2. Tozda npeduxam 
[41 (S)]ays)t410 Coemecmen chy, a [hy (S)]a,(s)+10 Coemecmen C hy, 20e h, (Ss) — Oauna 
hy (s), @ Ag (s) —Oauna h, (s). 

Orcroga cueqyer: 

JIemmMa 4. H @ hy, u 6 hy 6eckoneuno muoeo nYyAeti (m. e. OononHeEHUA 
x H, u x Hy 6eckoneunol). 

JlemMa 5. Ilocaedogameannocmo fy<ory<c...<Ori<i... Oeckoneuna. 

JIemmMa 6. H, u H,—eunepnpocmoe mnoocecmea (1). 

Jlemma 7. Tx (hy) seh, u Tx (hy) hy npu aw6om x. 

Teopema | MoxeT ObITb 3HAYHTeIbHO yCuseHa.. 

Teopema 2. Cyiwecmeyem p.n. nocaedosamensnocms e2unepnpocmolx 
p.n.m. Hy, He,...,Hn,..., 4Aendt Komopoti nonapHo He ceodumet Opye K 
Opyey 4. p.o. 

Teopema 3. Kaxoeo 601 nu Oola0 p.n. HepeKypcuenoe muocecmeo G, 
cytecmeyem eunepnpocmoe p.n.m. H, Komopoe ceodumca Kk G u Kk Komopomy 
G He ceodUumcA 4. p.o. 

5°. Tlanbyefinime pe3ybTaTbl (KaK HM NpesblyuiMe) OTHOCATCA K HC 4HC- 
N@HHIO MACCOBBIX Hpo6wsmem, cosqganHomy IO. Megpegesnm (2). 

Cnezya Meypefesy, Ha30Bem MaccoBoh npoOmemol:A sBcaKui Kuacc pyHK- 
uu (BcIOwy ompeyeneHHEIX) {A} Mm cCKaxKeM, TO mpoOsmema A CBO,HTCA K 
npo6meme B (ASB), ecau cyulecrByeT 4.p.o. T, nmpeoOpasyroulwi Bcakyio 
dbyHkunlo Klacca {B} B dbyHKuMIo Ksacca {A}. Ecau A SB, no BFA, TO 
3anuuem, 10 A < B. Eco AX BuBS$ A, To Has0Bem A uB HeCpaBHH- 
MBIMH npo6.lemamu (A x B). 

PaccmoTpum mpo6memy Ay mpogomxKaemocTH 4.p. dyHKWHH Y(n), CocTos- 
mylo H3 BCexX *PyHKUHH, COBNa_aolwlux c Y (2) B TOUKAaX, re 0 (m) onpefeseHa. 
Tlyctb npo6mema B cocTouT u3 OfHOK dyHKUHH. 

Teopema 4. Ecau npo6sema B ceodumca x Ay, mo B— paspewumaa 
npoosema. 

CaeactBue. Ecau mpoOmema pa3pelimumMocTH MHoxecTBa E cBOy_uTCA K 
KaKOH-HHOyAb MpoOsIeMe OTJCJIMMOCTH p.I.M., TO MHOxKecTBO E peKkypCHBHO. 

Teopema 5. [aa ecaxoti napol pexypcueno (p.)-HeomOeAUumbLx Pp. N. M. 
E, u E, cywecmeyem p.n. nepexypcuenoe mxoocecmeo H makoe, umo npob.e- 
ma omdeaumocmu E, u E,.ne ceodumca x npobseme paspeuumocmu H. 

Teopema 6. Cywecmeyem p.n. nocaedosameroKocmb nonapHo HecpaéeHu- 
MbLx npobsem omdeAUmocmU p. n. mnoocecme. 

Teopema 7. J[aa ecakoli nepaspeuumot npobsemn Ag,e, omOeAUMmOCMU 
p.n.m. E, u E, cytyecmeyem npob6sema omdeaumocmu Aut, p-Heomoeau- 
Molx p.n.m. Hy u Hy maxaa, umo Age, $ An,n,- 

6°. Metog, IpHMeHeHHbIi K JOKa3aTeJIbCTBY Teopem 1, 2, 5—7, no3BoAeT 
HCCIeJOBaTb WesbI pay 3aay MCUHCMeHHA MAaCCOBbIX mpoosiem HM HeKOTOppie 
apyrve Bompocet. 

O6osHayan A,-M. PeKYPCHBHO MpoeKTHBHOe (p. Mp.) MHOXKECTBO KJacca Nn, 
Br-d.— p. up. dyHKyHIo Klacca n* (%), Ha30Bem B,-onepaTopom onepatop T, 
‘@., KoTOporo peamusyeT HeKoTopan B,-c. §(w). Tpo6semy M Hasopem 
Bn-pa3peluMMOl, eC OHA COfepxKHT xoTA On! ofHYy B,-d. By-M.— MHOXKeE- 
cTBO, X.@. KoToporo B,-. 

Teopempt 1—3, 5—7 ocTatoTcA B CHJle, eC 3€MCHHTb B HHX p..M. Ha 
An-M., @ CBOJHMOCTb ¥.p.0. Ha CBOAHMOCTb B,,-onepaTopaMu, MIpHyeM JoOKa- 
3aTeJIbCTBa OOOOMICHHEIX TeopeM TIO MeTOny CXOQHB C OKa3aTeJIbCTBAMH 
Teopem 1—3, 5—7. 

Teopema "4 Take o6oOujaeTCA pH 3aMeHe 4. p. dp. Ha vacTHuHy!o B,-d. 


* Vimeetcs B Bay KnaccHpHkauna Kauulf-Moctosexoro. 
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(4. B,-@.), T.e. Ha By-c., ObiTh MoKeT, He BCIOAY ONpefemeHHyto, a paspe- 
WHMocTH — Ha B,-pa3pelllHMocTb. 

Cpogumoctb B,-onepatopamu — B,,-cBOJMMOCTb — ABJIAeTCA yTOUHeHHeEM 
HHTYHTHBHOFO MpescTaBsIeHHA O CBOAHMOCTH Mpo6JieM MpH ycJIOBHH pa3peulH- 
MOCTH BCe€X A,_4-M. WJM, ITO TO Ke CaMoe, NepeyHcsMMocTH BCeX Apz-M. 
MoxkHo Tloctpoutb Takoe Ay,_y-M. E (yHHBepCadbHOe), 4TO ecuM npobse- 
Ma M_ B,-cpoqutca K mpo6seme L, TO MS Ly, rye L, — KonbiwonKuus (?) 
mpo6sempsr L wv mpo6mempr paspemmmoctH E(LUAg). O6paTHo, ecaH 
MBSLUAgE, To npobsema M_ B,-cpoqutca kK L. Jaa toro uTo6bl MHoxKe- 
cTso E o6mayasio yKa3aHHbIMH CBOHCTBaMH, HeOGXOAMMO H JOCTaTOYHO, 4TOObI 
OHO ObIIO By-M. H 4TOObI BCHKOe By-M. CBOJHOCb K HeMY. . 


MockoscKHi rocyapcTBeHHbit Tloctynusio 
mleqarorauecKH HHCTHTyT 20 II 1956 
um. B. HW. Jlennya 
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NEGATIVE ANSWER TO THE REDUCIBILITY PROBLEM 
IN THE THEORY OF ALGORITHMS 


(Submitted by academician M.A. Lavrentiev, February 27, 1956) 


In this note we provide a solution to the problem of reducibility for recur- 
sively [computably] enumerable sets posed in 1944 by Post [1]. 

1. DEFINITION 1. A tuple is a finite or an infinite sequence of numbers.! 

DEFINITION 2. A predicate is a tuple that contains only zeros and ones. 

DEFINITION 3. Numbers that appear in a tuple h are called components 
of h. 

A tuple is considered as a function? defined on numbers smaller than some 
N < oo. Y[ury] Medvedev in [2] considered a functional representation of 
operators acting on total functions (i.e., infinite tuples). For every operator 
T there exists a function 6(w) that determines a transformation A acting on 
tuples; this transformation coincides with T on infinite tuples that are mapped 
by T into tuples (Medvedev). Consider the Gddel numbering of ordered pairs 
of finite tuples. The function 6(w) defines the corresponding mapping T of a 
tuple 7 into a tuple A (so A(n) = A) as follows. Let [d(w), d’(w)] be a pair of 
tuples that has Gddel number 6(w). We say that a tuple d is a part of a tuple 
f if every component of d exists (and is the same) in f; we say two tuples are 
consistent if one of them is a part of the other one; if d(w) is a part of the tuple 7, 
then d'(w) is a part of A, and every part of A appears as a part of some d’'(w) such 
that d(w) is a part of T. We say that the function 6(w) provides a functional 
representation of T. 

Yu. Medvedev has shown that for every partial recursive operator T there 
exists a primitive recursive function 6(w) that represents it [2]. 

A similar statements are true for predicates and operators transforming 
predicates into predicates (Il-operators). 

2. Let us introduce are relation > on tuples; namely, f > h, if this inequal- 
ity holds component-wise for the components of the tuples that are defined 
both in f and h [and have the same index]. By h we denote an infinite tuple 
obtained from h by adding trailing zeros; if h is infinite, we have h = h. 


IBy numbers we mean natural numbers, including 0. 
2In this paper we consider functions whose arguments and values are numbers. 
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DEFINITION 4. The disjunction of predicates f), fo,..., ff, ... (denoted by 
AVAVAV..VAV.-. or Veoif,) is a predicate f whose ith component is 


* 0, if all the predicates f, have ith component 0; 
¢ 1, if some predicate f, has ith component 1; 


¢ undefined otherwise |i.e., if some predicates have ith component 0 and 
others are undefined there]. 


DEFINITION 5. The negation of a predicate 7 is a predicate -7 whose com- 
ponents are negations of the corresponding components of 7. 

DEFINITION 6. A mixture [ctjermeHue] of a predicate u with a predicate f 
at point a (where a is anumber), denoted by g = (u, f),, is a predicate that has 
the same length as f that is compatible with [u], [=the prefix of u of length 
a] and whose components with indices greater than @ are the negations of the 
corresponding components of f. [We start as in u and after a terms switch to 
the negation of f.] 

3. It is easy to show there exists a universal functional representation for 
partial recursive operators on predicates, i.e., a primitive recursive function 
g(x, w) such that every partial recursive operator T has a functional represen- 
tation by a function ¢,(w) = g(x, w). The latter operator is denoted by T,.. 

Let two primitive recursive function x(t) and w(t) enumerate all pairs 
(x, w) of numbers. Let [ f(t), f’(t)] be an ordered pair of predicates with Godel 
number g[x(t), w(t)|; let m(t) and m’(t) be the lengths of f(t) and f’(t) respec- 
tively. 

4. THEOREM 1. There exist a recursive enumerable non-recursive sets H, 
and H, such that T,(h,) #4 hz and T,(h,) # h, for all x; here h, and h, are 
characteristic functions of H, and Hy; respectively. In other words, H, and H, are 
not reducible to each other by partial recursive operators. 

Let us construct a recursively enumerable sequences of numbers "py < 1, < 
In << ne < Moy, < «.. and finite predicates h,(0),h,(1),...,4,(2k), ..., 
and h,(0), h(1), ..., 42(2k) in the following way. We let rp = 0, h,(0) = f(0), 
h(0) = af"(0). 

Assume that the numbers f) < 4 < ... < Mx are already constructed, as 
well as the predicates h,(0), h,(1), ... ,4y(2k) and h,(0), h2(1), ... , h2(2k). 

Then 4, is the minimal number ¢ that satisfies the following require- 
ments: 


Il. t> pk. 


1,2. f(t) > hy(2k). 


I,3. f(t) is consistent with [h2(2k)|q(¢), where 


a(t) = max{a,(t), @2(t)}, 
a,(t) = max{m(r))} + 10, 


IST; 


y(t) = mA Le) + 10, 
ae | 


max _ {rj}. 


Yr; i 
rj<t, x(r{)<x(t) 


j — 


I,4. Predicate h,(2k) v (h,(2k), f’(t))act) is inconsistent with f’(t). 
1,5. Either x(t) # x(rj4;) @ < k), or, denoting 


max {trish 
X(r2i41)=X(t), Yoi4. <t 


by fyn41, We have f(% 41) inconsistent with h,(2k), or f’(Mmn41) is con- 
sistent with h,(2k). We let h2(2k + 1) to be h2(2k) V f(1ox~41), and let 
h,(2k + 1) be the predicate h,(2k) V (h1(2k), f’ aks aCroees): 


We also let ;,, be the minimal value of t that satisfies the conditions IL,1- 
II,5 that are obtained from I,1-1,5 by replacing , by x41, 1 (2k) by hy(2k +1), 
h2(2k) by hy (2k + 1), rei41 bY Toi+2, Tam41 BY Tam42- 

Let 


hy (2k + 2) = hy (2k +1) V f(ox+2), 
hy(2k + 2) = hy(2k + 1) V (hp (2k + 1), farsa across): 


The sequences we constructed are computable because the conditions I,1- 
5 and II,1-5 can be checked effectively. One can show that these sequences 
are recursively enumerable. 

Therefore the tuples hy = V/2)h,(l) and h, = Vj2)h2(1) are characteristic 
functions of some recursively enumerable sets H, and H,. Now the proof of 
Theorem 1 can be finished by using the following lemmas 1-7. 

LEMMA 1. For every number Xo the equation x(r;) = Xo has only finitely 
many solutions. 

Proof: induction over Xo. 

LEMMA 2. Let Xq be an arbitrary number. If's is the minimal number such 
that x(r;) > Xo forall l > s, there is at most one even and at most one odd 
number | > s such that x(r ,) = Xo. 

LEMMA 3. Assume that s satisfies the conditions from Lemma 2. Then the 
predicate [h,(s)],,(s)410 #8 consistent with h,, and the predicate [h2(s)],(s)+10 
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is consistent with hz, where A,(s) and A,(s) are the lengths of h,(s) and h2(s) 
respectively. 

This implies that: 

LEMMA 4. Both h, and h, contain infinitely many zeros; in other words, 
complements to H, and H, are infinite. 

LEMMA 5. The sequence "9 < 1, < ... <r) < ... is infinite. 

LEMMA 6. The sets H, and H, are hypersimple sets, see [1]. 

LEMMA 7. We have T,.(h,) # h, and T,.(h,) # h, for every x. 

A much stronger version of Theorem 1 can be proven: 

THEOREM 2. There exists a recursively enumerable sequence of hypersimple 
recursive enumerable sets H,, Hp, ... such that any two sets in this sequence are 
not reducible to each other by a partial recursive operator. 

THEOREM 3. For every recursive enumerable non-recursive set G there exists 
a hypersimple recursively enumerable set H that is reducible to G but G is not 
reducible to H by a partial recursive operator. 

5. The following results deal with mass problems in the sense of Yu. Med- 
vedev [2]. 

Following Medvedev, a mass problem A is an arbitrary class of total func- 
tions. We say that problem A is reducible to problem B (notation: A < B) if 
there exists a partial recursive operator that maps every function in B to some 
function in A. If A < B but not B < A, we write A < B. IfA A BandB ZA, 
the problems A and B are called incomparable mass problems. 

For a partial function ~ we consider an extension mass problem Ay that 
consists of all total extensions of p (total functions that coincide with yp at the 
points where 7 is defined). Let B be a mass problem that contains only one 
function. 

THEOREM 4. If B is reducible to Ay, then the problem B is decidable [i.e., the 
only element of B is computable]. 

COROLLARY. Ifa decision problem for some set E is reducible to the separa- 
tion problem for some pair of recursively enumerable sets, then E is decidable. 

THEOREM 5. For every pair of recursively inseparable recursively enumerable 
sets E, and E, there exists a recursively enumerable non-recursive set H such that 
the separation problem for E, and E, is not reducible to the decision problem 
for H. 

THEOREM 6. There exists a recursively enumerable sequence of mutually in- 
comparable separation problems for recursively enumerable sets. 

THEOREM 7. For every undecidable separation problem Ag, jr, for recursively 
enumerable sets E, and E, there exists a separation problem Ay, 7, for insepa- 
rable recursive enumerable sets Hy, H, such that Ag, x, 4 An,,n,- 

6. The tools used to prove Theorems 1, 2, 5-7 can be applied to several 
questions about mass problems (and some other questions). 
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By A,,-set we mean the recursively projective set from the nth class; by B,,- 
function we mean recursively projective function from class n. We consider B,,- 
operators whose function representation is given by some B,,-function 6(w). A 
[mass] problem M is called B,,-decidable if it contains at least one B,,-function. 
By B,-set we mean a set whose characteristic function is a B,,-function. 

Theorems 1-3, 5-7 remain valid if we replace recursive enumerable sets 
by A,,-sets, and reducibility by partial recursive operators by reducibility by 
B,-operators, and these generalizations can be proved in a similar way. 

Theorem 4 can also be generalized by replacing partial recursive functions 
by partial B,,-functions, and decidability by B,,-decidability. 

The reduction by B,-operators can be considered as a formal version of 
an intuitive notion of reduction assuming that all A,_j-sets are decidable (or, 
equivalently, all A,,-sets are enumerable). One can construct an A,_j-set E 
that is universal in the following sense: if a problem M is B,-reducible to a 
problem L, then M < L, where L, is a conjunction (in the sense of [2]) of L 
and the decision problem for E (this conjunction is denoted by L U Ag). On 
the other hand, if M < L UAg, then problem M is B,,-reducible to L. For the 
set E to have this universality property it is necessary and sufficient that E is a 
B,-set and every B,,-set is reducible to E. 
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3We consider here Kleene-Mostowski hierarchy. [So B,-sets are Z9-sets; B,,-functions are 
functions whose graphs are 9-sets. ] 


